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1. INTRODUCTION
Let E be a subset of normed space X, and let T be a self-map of E.
T is said to be an asymptotically quasi-nonexpansive map, if there is un ∈
0+∞ limn→∞ un = 0, such that Tnx − p ≤ 1 + unxn − p ∀x ∈
E ∀p ∈ FT  FT  denotes the set of ﬁxed points of T . T is an asymp-
totically nonexpansive map if Tnx − Tny ≤ 1 + unx − y ∀x y ∈ E.
If there are constants L > 0 and α > 0, such that Tnx − Tny ≤ Lx −
yα ∀x y ∈ E ∀n ∈ N , then T is L− α uniform Lipschitz.
Tan and Xu [1] had proved the theorem on convergence of Ishikawa iter-
ation for asymptotically nonexpansive mapping on a compact convex subset
of a uniform convex Banach space. The author [2] presents the necessary
and sufﬁcient conditions for the Ishikawa iteration of asymptotically quasi-
nonexpansive mapping with an error term on a Banach space convergent
to a ﬁxed point. This paper will prove the convergence of Ishikawa itera-
tion of a L− α uniform Lipschitz asymptotically quasi-nonexpansive map
with an error term on a compact convex subset of a uniform convex Banach
space based on some results of the author [2]. The results presented in this
paper extend the corresponding results of Tan and Xu [1].
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2. MAIN RESULT
Theorem. Let E be a nonempty compact subset of a uniform convex
Banach space, and T is a L − α uniform Lipschitz asymptotically quasi-
nonexpansive map on E with un such that
∑∞
n=1 un < +∞. Let ∀x0 ∈ E,
and
xn+1 = anxn + bnTnyn + cnmn
yn = a¯nxn + b¯nT nxn + c¯nln
where mn ln ∈ E ∀n ∈ E 0 ≤ an a¯n bn b¯n cn c¯n ≤ 1, an + bn + cn =
a¯n + b¯n + c¯n = 1, 0 < α ≤ an ≤ α¯ < 1, 0 < α ≤ a¯n, 0 < β¯ ≤ bn ≤ β <
1 b¯n ≤ β < 1 ∀n ∈ N , limn→∞ b¯n = 0,
∑∞
n=1 cn < +∞,
∑∞
n=1 c¯n < +∞
then xn∞n=1 converges to some ﬁxed point p of T .
Corollary. Let E be a nonempty compact subset of a uniform convex
Banach space, T is an asymptotically nonexpansive map on E, and
∑∞
n=1 un <
+∞ ∀x0 ∈ E, deﬁned as xn∞n=1 as in the theorem, then xn∞n=1 converges
to some ﬁxed point p of T .
Here we introduce some results presented in [2]:
Lemma M (Lemma 1 of [2]). Let T and E be deﬁned as in the theorem;
then xn+1 − p ≤ 1+ un2xn − p + m¯n, where m¯n = bn1+ unc¯nln −
p + cnmn − p.
Lemma N (Lemma 2 of [2]). Let non-negative series α∞n=1 β∞n=1,
γn∞n=1 satisfy αn ≤ 1 + βnαn + rn ∀n ∈ N , and
∑∞
n=1 βn < +∞,∑∞
n=1 rn < +∞; then limn→∞ αn exist.
Theorem M (Theorem 3 of [2]). Let E be a nonempty close convex sub-
set of Banach space, T is an asymptotically quasi-nonexpansive map on E, and
FT  is nonempty,∑∞n=1 un < +∞ ∀x0 ∈ E, deﬁned as xn∞n=1 as in the the-
orem. Then xn∞n=1 converges to some ﬁxed point p of T if and only if these
inﬁnity subseries xnk∞k=1 of xn∞n=1 converge to a ﬁxed point p of T .
And the lemma below, proved by J. Schu [3], is also needed in this paper:
J. Schu’s Lemma. Let X be a uniform convex Banach space, 0 < α ≤
tn ≤ β < 1, xn yn ∈ X, limn→∞ sup xn ≤ a, limn→∞ yn ≤ a, and
limn→∞ tnxn + 1− tnyn = a, a ≥ 0. Then limn→∞ xn − yn = 0.
Proof of the Theorem. It is easy to see that FT  is nonempty from
Schaude’s theorem, and xn+1 − p ≤ 1 + un2xn − p + m¯n by
Lemma M. Since
∑∞
n=1 un < +∞
∑∞
n=1 cn < +∞
∑∞
n=1 c¯n < ∞, E is
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bounded; thus we know from Lemma N that limn→∞ xn − p exists. On
the other hand, we have
yn − p ≤ a¯nxn − p + b¯nTnxn − p + c¯nln − p
≤ a¯nxn − p + 1+ unb¯nxn − p + c¯nln − p
Thus
lim
n→∞ sup yn − p ≤ limn→∞ sup xn − p = limn→∞xn − p
Note that
lim
n→∞ sup T
nyn − p ≤ lim
n→ sup1+ unyn − p ≤ limn→∞xn − p
and
lim
n→∞xn+1 − p = limn→∞anxn + bnT
nyn + cnun − p
= lim
n→∞
∥∥∥∥an
[
xn − p+
cn
2an
mn − p
]
+ bn
[
Tnyn − p+
cn
2bn
mn − p
]∥∥∥∥
= lim
n→∞xn − p
Thus from J. Schu’s lemma we have
lim
n→∞
∥∥∥∥xn − Tnyn +
(
cn
2an
− cn
2bn
)
mn − p
∥∥∥∥ = 0
Note that limn→∞ cn/2an − cn/2bnmn − p = 0; therefore we have
lim
n→∞xn − T
nyn = 0 (1)
Since E is compacted, xn∞n=1 has a convergence subseries xnk∞k=1. Let
lim
k→∞
xnk = p (2)
Then from (1) and limn→∞ cn = 0 we have∥∥xnk+1 − xnk
∥∥ ≤ bnk
∥∥Tnkynk − xnk
∥∥+ cnk
∥∥mnk − xnk
∥∥→ 0 (3)
Note that limn→∞ b¯n = 0 limn→∞ c¯n = 0; therefore we have
yn − xn ≤ b¯nTnxn − xn + c¯nln − xn → 0 (4)
Thus from (1) and (2)
lim
k→∞
Tnkynk = p (5)
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Thus limk→∞ xnk+1 = p. Similarly, limk→∞ xnk+2 = p, and
lim
k→∞
Tnk+1ynk+1 = p (6)
From (1)–(6) we have
0 ≤ p− Tp
= ∥∥p− Tnk+1ynk+1 + Tnk+1ynk+1 − Tnk+1xnk+1 + Tnk+1xnk+1
−Tnk+1xnk + Tnk+1xnk − Tnk+1ynk + Tnk+1ynk − Tp
∥∥
≤ ∥∥p− Tnk+1ynk+1
∥∥+ ∥∥Tnk+1ynk+1 − Tnk+1xnk+1
∥∥+ ∥∥Tnk+1xnk+1
−Tnk+1xnk
∥∥+ ∥∥Tnk+1xnk − Tnk+1ynk
∥∥+ ∥∥Tnk+1ynk − TP
∥∥
≤ ∥∥p− Tnk+1ynk+1
∥∥+ L∥∥ynk+1 − xnk+1
∥∥α + L∥∥xnk+1 − xnk
∥∥α
+L∥∥xnk − ynk
∥∥α + L∥∥Tnkynk − p
∥∥α → 0
Thus p is a ﬁxed point of T . Since the subseries xnk∞k=1 of xn∞n=1 con-
verges to p from (2), we have limn→∞ xn = p from Theorem M.
Proof of the Corollary. Since FT  is nonempty, we have that T is prox-
imate quasi-nonexpansive and L − 1 uniform Lipschitz. Thus the result
can be deduced immediately from the theorem.
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